Abstract A mathematical model is considered to determine the effectiveness of disinfectant solution for surface decontamination. The decontamination process involved the diffusion of bacteria into disinfectant solution and the reaction of the disinfectant killing effect. The mathematical model is a reaction-diffusion type. Finite difference method and method of lines with fourth-order Runge-Kutta method are utilized to solve the model numerically. To obtain stable solutions, von Neumann stability analysis is employed to evaluate the stability of finite difference method. For stiff problem, Dormand-Prince method is applied as the estimated error of fourth-order Runge-Kutta method. MATLAB programming is selected for the computation of numerical solutions. From the results obtained, fourth-order Runge-Kutta method has a larger stability region and better accuracy of solutions compared to finite difference method when solving the disinfectant solution model. Moreover, a numerical simulation is carried out to investigate the effect of different thickness of disinfectant solution on bacteria reduction. Results show that thick disinfectant solution is able to reduce the dimensionless bacteria concentration more effectively.
Introduction
Natural products like disinfectants show healing and antibacterial properties which make them very helpful in the field of biology. In the past, disinfectants were used by people to treat various illnesses and heal wound. Apart from that, French green disinfectants had been employed to 34:2 (2018) 271-291 | www.matematika.utm.my | eISSN 0127-9602 | cure Buruli ulcer, a chronic and necrotizing skin disease caused by Mycobacterium ulcerans [1] . Hence, disinfectant have the ability to kill many kinds of pathogenic bacteria by buffering the aqueous pH and oxidation state during the antibacterial process [2, 3, 4] .
A lot of researches had been done regarding the process of decontamination to provide a clean and healthy environment. For examples, the surface decontamination by clay solution, the problem of aquifer decontamination by pumping [6] , the cleaning of sea pollution using pumping process carried on by a ship [7] and the electrokinetic remediation of nuclear wastecontaminated soils [8] . They used parabolic partial differential equations (PDEs) to formulate their mathematical models. The models were then solved using mathematical methods such as Laplace transform method, finite difference method, finite volume method or finite element method in order to acquire the approximate solutions.
In [5] , an analytical solution has been found for the clay solution modelat one fixed point, x = 0 by using Laplace transform method. However, the complexity of the mathematical model leads to difficulties in obtaining an analytical solution for the range of finite domain, 0 ≤x ≤ h. Consequently, numerical methods are more preferable to be implemented in the disinfectant solution model to provide an approximation to the exact solution for the case 0 ≤x ≤ h. This is because numerical methods are applicable to solve various types of mathematical models. We note that the model in [5] is also applicable to not just clay solution, but also to other disinfectant solution.
In this paper, finite difference method (FDM) and method of lines (MOL) with fourthorder Runge-Kutta method (RK4) are applied to solve the disinfectant solution model in [5] numerically. To ensure that the numerical solutions obtained are stable and high in accuracy, von Neumann stability analysis is employed to evaluate the stability of FDM. For stiff problem, Dormand-Prince (DOPRI) method is adopted as the estimated error of RK4 for solving the model. Furthermore, comparisons are made between FDM and RK4 about the stability and accuracy of solutions generated. Apart from that, different thickness of disinfectant solution is applied in the numerical simulation of disinfectant solution model so that the effect of the thickness of disinfectant solution on bacteria reduction can be identified. In this research, MATLAB programming has been developed to execute numerical solutions for the model.
Methodology
In this section, the mathematical formulation of the disinfectant solution model as well as the application of FDM and MOL with RK4 in the model will be presented. Other than that, the stability analysis of FDM and RK4 will be conducted by using von Neumann stability analysis and DOPRI method, respectively.
Mathematical Modelling of Surface Decontamination by Disinfectant Solution
Based on [5] , there are several assumptions that need to be considered for the mathematical modelling on the effectiveness of disinfectant solution for surface decontamination. Firstly, the bacteria are assumed to diffuse into the disinfectant solution and then eliminated by the disinfectant killing effect. Secondly, the bottom of contaminated surface is assumed to be hard and impermeable. The interaction process of disinfectant solution and contaminant is demonstrated in Figure 1 . Bacteria concentration is closely related to the time taken,t and the thickness of region, x. As time passes, the bacteria move upward from a lower region to a higher region. When the bacteria enter disinfectant solution region, they are killed by the disinfectant killing effect. Hence, this paper considers the bacteria movement invertical direction only as one dimensional problem.The movement of bacteria against time is presented in Figure 2 . The mathematical model of surface decontamination by disinfectant solution is formulated as follows [5] :
Boundary conditions:
To facilitate mathematical analysis, Model A needs to be transformed into a dimensionless form. Let the dimensionless variables and parameters bẽ
Then, substitute all these dimensionless terms into Model A to form Model B [5] .
Model B (Non dimensionalization of Model A)
Initial condition:b
To remove θ in equation (5), assume the variables used in Model B to bẽ
After that, substitute all these terms into Model B to yield Model C [5] .
Initial condition:
where τ = Kδ √ θ/h and λ = γK/ √ θ are positive constants. In [5] , Model C is further simplified by extending the interval 0 < x < √ θ to infinity and then solved by using Laplace transform. In this paper, Model C is utilized as the disinfectant solution model to determine the effectiveness of disinfectant solution for surface decontamination.
Implementation of Numerical Methods along with Stability Analysis
In this section, the implementation of FDM and MOL with RK4 in the disinfectant solution model along with their stability analysis will be explained in details.
FDM in Disinfectant Solution Model
First of all, discretise the independent variables x and t into grid points as follows:
where the x step size, ∆x = √ θ/N − 1 and ∆t denotes the t step size, while N and M are the total number of nodes for variables x and t, respectively. After discretisation, the function b (x, t) can be written as b n j = b (x j , t n ) . Then, substitute the first order forward difference formula for time derivative and also first and second order central difference formulas for spatial derivatives involved in the disinfectant solution model to yield the following equations:
(13) Boundary conditions:
where
. By applying FDM, the disinfectant solution model can be solved explicitly by considering the initial and boundary conditions provided. Although FDM is easy to be adopted to approximate various kinds of PDEs but it does not guarantee that stable numerical solutions can be obtained. Hence, it is necessary to evaluate the stability of FDM by employing the von Neumann stability analysis. The application of von Neumann stability analysis in the disinfectant solution model can be shown as follows:
1. According to equation (13), the reaction-diffusion equation of disinfectant solution model is presented as
2. Assume the Fourier term expression for function b (x j , t n )as
By lettingθ = 2πk∆x, equation (17) becomes
3. Drop the truncation errors, O ∆t, (∆x) 2 in equation (13) and then substitute equation (18) into the reaction-diffusion equation to produce
4. Divide equation (19) with B n θ e ijθ to obtain
6. Hence, the range for the value of ∆t is
7. To ensure that the numerical solutions are bounded, we specify
MOL with RK4 in Disinfectant Solution Model
MOL is a special FDM which transforms a given PDE into a system of ordinary differential equations (ODEs). It works by replacing the spatial derivatives in PDE with algebraic approximations [9] . To implement MOL in the disinfectant solution model, the first step is to discretise the independent variable x into grid points,
After discretisation, the function b (x, t) can be written as
Next, substitute second and first order central difference formulas for the spatial derivatives in equations (9) and (10) to get
Equation (23) can be rewritten as
by substituting the value of b 0 (t) into equation (23). Finally, the disinfectant solution model can be presented as a system of ODEs as follows:
According to equation (11), when x = √ θ, b N (t) = 0. This means that there are no more bacteria after a cut-off distance. So, the system of ODEs becomes
. . .
The initial equation in equation (12) can be expressed as
Having completed the implementation of MOL in the disinfectant solution model, the next step is finding the solutions of Initial Value Problems (IVPs) in system of ODEs by employing RK4. RK4 is the most popular single-step numerical method for solving IVPs because it can generate high accuracy results when compared with the exact solutions and its accuracy can be further improved by reducing the step size used [10] . The application of RK4 in the ODEs system can be shown as follows:
1. Firstly, discretise the independent variable, t in system of ODEs into grid points as
2. Then, assume the first order derivatives of function b j (t n ) for 1 ≤ j ≤ N − 1 to be
Next, introduce the vectors
4. Finally, RK4 formula for the disinfectant solution model can be stated in vector form as
Estimated error of RK4 is important to ensure that the results produced are stable and high in accuracy. Normally, the system of ODEs becomes numerically unstable when there exist stiff differential equations. Stiffness can be defined in terms of the eigenvalues of the Jacobian as follows [11] where the differentiation of f(t,b) is equal to matrix A.
Definition: A linear system y = Ay + ϕ (t) is said to be stiff if The system of ODEs of the disinfectant solution model stated in equation (26) can be presented in matrix form as follows:
where matrix A is
Then, the eigenvalues of matrix A, λ w can be acquired by solving the determinant
where I is an (N − 1) × (N − 1) identity matrix. If the ODEs system is stiff, then an Adaptive Runge-Kutta method, DOPRI method will be applied as the estimated error of RK4 to produce stable and high accuracy solutions. The formula for DOPRI method can be represented by a Butcher Table as illustrated in Figure 3 . For this research, an initial value for ∆t will be assigned for the DOPRI method to start the numerical computations. If the error is high, then the step size will be halved. Contrarily, if the error is very low, then the step size will be doubled. This procedure is repeated until the error produced meets the tolerance value that fixed on it. Eventually, stable and high accuracy results can be obtained with minimum computational effort. 
Results and Discussion
In this section, FDM and MOL with RK4 will be utilized to solve the disinfectant solution model numerically. Besides that, the effect of the thickness of disinfectant solution on bacteria reduction will be investigated by applying different thickness of disinfectant solution in the numerical simulation of the disinfectant solution model. 
Stability Analysis
The stability regions of FDM versus RK4 when solving the disinfectant solution model are illustrated in Figure 4 . Observe that RK4 has a larger stability region compared to FDM. This means that RK4 can perform the numerical simulation using larger time step size and this reduces the computational effort to execute stable numerical solutions. Apart from that, the stiffness of the ODEs system of disinfectant solution model can be determined by setting the spatial step size, ∆x = 0.3 into equation (29) in order to acquire all the eigenvalues for matrix A as recorded in Table 1 .
Note that all the eigenvalues of matrix A in Table 1 which is much greater than 1. Thus, there exist stiff differential equations in the ODEs system for the case ∆x = 0.3 and DOPRI method will be applied as the estimated error of RK4. 
Validation of Numerical Solutions
To validate the numerical solutions produced using FDM, RK4 and DOPRI method, an ODE solver in MATLAB programming, ode15s is chosen for the validation. ode15s is a variable-step solver for stiff problems and it is based on the numerical differentiation formulas. Assume ∆x = 0.3 and ∆t = 0.04 whereas the tolerance value for DOPRI method and ode15s is fixed to be ε = 0.000001. The relative errors of FDM, RK4 and DOPRI method at b (x, 1) based on ode15s are stated in Table 2 . Based on the results in Table 2 , the relative errors for FDM, RK4 and DOPRI method based on ode15s are small and bounded. This means that the numerical methods used are suitable to solve the disinfectant solution model. Furthermore, the relative errors produced by DOPRI method are very small and more consistent compared to RK4 when solving the model.This is because DOPRI method will automatically adjust itself to the suitable step size, ∆t in order to achieve the predetermined accuracy more efficiently.
Accuracy of FDM and RK4
To identify the accuracy of FDM and RK4 when solving the disinfectant solution model, a new model that resembles the behaviour of thedisinfectant solution modelis formed as shown by the following:
Model D is designed for validationvia error analysis because it has an exact solution which is b (x, t) = e −x · e −t . By fixing ∆x = 0.3 and ∆t = 0.04, the results executed by MATLAB programming for the relative errors of FDM and RK4 based on the exact solutions of Model D at b (x, 1) are stated in Table 3 . the disinfectant solution model, so conclusion can be made that the numerical solutions obtained using RK4 has a higher accuracy to approximate the exact solutions for the disinfectant solution model compared to FDM.
Numerical Simulation of Disinfectant Solution Model
To find out the effect of different thickness of disinfectant solution on bacteria reduction, the values of h are divided intoh 1 = 0.0005m, h 2 = 0.0020m and h 3 = 0.0050m to represent the thin, moderate and thick regions that applied for surface decontamination. The other parameter values as well as the range of x and t variables are based on the assumptions stated in Section 3.1. The spatial and time step sizes are set to be ∆x = 0.3 and ∆t = 0.04, respectively. By utilizing FDM and RK4, the numerical solutions for the dimensionless bacteria concentration at the surface area, b (0, t) are separately recorded in Table 4 and Table 5 whereas the graphs are displayed in Figure 5 and Figure 6 , respectively. reasonable because the increasing of h will provide larger space for the bacteria at the surface area to diffuse into the disinfectant solution and then being eliminated by the disinfectant killing effect. Therefore, thick disinfectant solution is able to reduce the dimensionless bacteria concentration more effectively. Figure 7 and 8 indicate that the disinfectant solution obey the boundary condition where solution tend to zero when x tend to domain length.
Conclusion
In a nutshell, RK4 has a larger stability region and higher accuracy of solutions compared to FDM when solving the disinfectant solution model. This implies that RK4 is able to generate stable numerical solutions that can approximate the exact solutions more accurately than FDM. In addition, different thickness of disinfectant solution did affect the amount of dimensionless bacteria concentration found at the decontaminated surface. The thicker the disinfectant solution applied for surface decontamination, the greater the killing effect on bacteria reduction. This means that thick disinfectant solution promotes the diffusion process of bacteria into disinfectant solution region. Consequently, more bacteria are killed by the antibacterial property of disinfectant.
